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Abstract
Using a generalized procedure for obtaining the dispersion relation and the equation of motion
for a propagating fermionic particle, we examine previous claims for a preferred axis at nµ(≡
(1, 0, 0, 1)), n2 = 0 embedded in the framework of very special relativity (VSR). We show that, in a
relatively high energy scale, the corresponding equation of motion is reduced to a conserving lepton
number chiral equation previously predicted in the literature. Otherwise, in a relatively low energy
scale, the equation is reduced to the usual Dirac equation for a free propagating fermionic particle.
It is accomplished by the suggestive analysis of some special cases where a nonlinear modification of
the action of the Lorentz group is generated by the addition of a modified conformal transformation
which, meanwhile, preserves the structure of the ordinary Lorentz algebra in a very peculiar way.
Some feasible experiments, for which Lorentz violating effects here pointed out may be detectable,
are suggested.
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Recently, several theoretical developments have pointed to the possibility that many em-
pirical successes of special relativity do need not demand Lorentz invariance of the underlying
theoretical framework [1–4]. Among the most sensitive experimental data from which such
an assertion can eventually be confirmed there are the threshold anomalies in the ultra high
energy cosmic ray (UHECR) protons [5, 6], and TeV photons [7] supposedly explained by
modifications of the energy momentum dispersion relations [1, 3, 8]. In this context, and
also motivated by ideas from quantum gravity [9, 10], an extension of special theory of
relativity known as deformed (or doubly) special relativity (DSR) [4] was firstly proposed
in manner to introduce two independent scales: the Planck scale and the velocity of light.
These theoretical advances have been paralleled by a perturbative framework developed to
investigate a certain class of departures from Lorentz invariance. For instance, Coleman and
Glashow [11, 12] suggest spacetime translations along with exact rotational symmetry in
the rest frame of the cosmic background radiation, but allow small departures from boost
invariance in this frame. In some other cases the introduction in the Lagrangian of more
general Lorentz-violating terms are analyzed [13–15]. Although more sensitive searches are
being carried out, no decisive evidence contradicting the exact Lorentz invariance has yet
been experimentally detected. The most recent results with regard to ultra high energy
protons are indeed unclear in the sense that it is uncertain whether one needs violation of
Lorentz invariance for explaining the data [16].
Still in the theoretical scenario, Cohen and Glashow pursue a different approach to the
possible failure of Lorentz symmetry denominated very special relativity (VSR) [17, 18] which
is based on the hypothesis that the space-time symmetry group of nature is smaller than
the Poincare´ group, consisting of space-time translations and one of certain subgroups of
the Lorentz group. The formalism of VSR has been expanded for studying some peculiar
aspects of neutrino physics with the VSR subgroup chosen to be the 4-parameter group
SIM(2) [18]. Since neutrinos are now known to be massive, several mechanisms have been
contrived to remedy the absence of neutrino mass in the Standard Model Lagrangian [19].
The framework of VSR admits the unconventional possibility of neutrino masses that neither
violate lepton number nor require additional sterile states [18]. In the Dirac picture, lepton
number is conserved with neutrinos acquiring mass via Yukawa couplings to sterile SU(2)-
singlet neutrinos [20, 21]. In the Majorana picture, lepton number is violated and neutrino
masses result from a seesaw mechanism involving heavy sterile states or via dimension-6
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operators resulting from unspecified new interactions [22, 23]. In spite of not being Lorentz
invariant, the lepton number conserving neutrino masses are VSR invariant. There is no
guarantee that neutrino masses have a VSR origin, but if so their sizes may be an indication
of the magnitude of Lorentz-violating effects in other sectors, for instance, as a suggestion
to the examination of the existence of a preferred axis in the cosmic radiation anisotropy
[25].
In this manuscript we intend to show how to adequate the results of VSR to a Lorentz-
invariance violation system reconstructed by means of modified conformal transformations
acting on the Lorentz generators. One way to do this is to combine each boost/rotation with
an specific transformation from which we introduce a preferential direction with the aid of
a light-like vector defined as nµ(≡ (1, 0, 0, 1)), n2 = 0. The transformation has to be chosen
as to bring an equation of motion which recovers the dynamics of the equation introduced
in [18], (
γµpµ − m
2
ν
2
γµnµ
pλnλ
)
(1− γ5)ν(p) = 0, (1)
which admits the unconventional possibility of neutrino masses that neither violate lepton
number nor require additional sterile states. The above dynamics requires only two degrees
of freedom for a particle carrying lepton number: one for the neutrino with positive lepton
number, and one for the antineutrino with negative lepton number. The VSR neutrino
at rest is necessarily an eigenstate of angular momentum in the preferred direction with
eigenvalue +1/2. Thus, stimulated by the ideas Cohen and Glashow [17, 18], we search for
convenient unitary transformations U acting on the usual Lorentz generators in order to
recover the equation of motion for a free propagating fermionic particle. We expect that, in
a relatively high energy scale, the corresponding equation will be reduced to the Glashow
Eq.(1), and, in a relatively low energy scale, it will be reduced to the usual Dirac equation
for a free propagating fermionic particle.
Let us start with the definition of the momentum spaceM as the four-dimensional vector
space consisting of momentum vectors pµ. The ordinary Lorentz generators act as
Lµν = pµ∂ν − pν∂µ (2)
where ∂µ ≡ ∂/∂pµ, and we assume the Minkowski metric signature and that all generators
are anti-Hermitian (also µ, ν = 0, 1, 2, 3, and i, j, k = 1, 2, 3 and the velocity of the
light c = 1). The ordinary Lorentz algebra is constructed in terms of the usual rotations
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J i ≡ ǫijkLjk and boosts K i ≡ Li0 as
[J i, Kj] = ǫijkKk; [J
i, J j] = [K i, Kj] = ǫijkJk (3)
In order to introduce the nonlinear action that modifies the ordinary Lorentz generators
but, however, preserves the structure of the algebra, we suggest the following ansatz for a
generalized transformation,
D ≡ (a(y) pµ + b(y)nµ)∂µ (4)
which acts on the momentum space as
D ◦ pµ ≡ a(y) pµ + b(y)nµ (5)
where y = pµn
µ. For such a definition, we have
∂µf (y) = nµ
df (y)
dy
≡ nµf ′(y), f (y) = a(y), b(y), (6)
and, consequently, pµ∂µf (y) = y f
′(y) and nµ∂µf (y) = 0. We assume the new action can
be considered to be a nonstandard and nonlinear embedding of the Lorentz group into a
modified conformal group which, as we shall notice in the following for the case of main
interest, despite the modifications, satisfies precisely the ordinary Lorentz algebra (3). To
exponentiate the new action, we note that
ki = U
−1
(D)K i U (D) and ji = U
−1
(D) J i U (D) (7)
where the y-dependent transformation U (D) is given by U (D(y)) ≡ exp[D(y)]. The nonlinear
representation is then generated by U (D(y))◦pµ and, despite not being unitary (U (D(y))◦pµ 6=
pµ), it has to preserve the structure of the algebra. Thus, when we assume
[[Lµν , D(y)], D(y)] = 0 (8)
we can reobtain a set of generators (in terms of ki and ji) which satisfy the ordinary Lorentz
algebra of (3). At this point, in order to explicitly obtain the operator D(y) which satisfies
the relation (8), we firstly compute the commuting relation
[Lµν , D(y)] = κµν(a
′(y) pα + b
′(y)nα)∂
α + b(y) dµν , (9)
for which we have defined the parameters
κµν = pµnν − pνnµ
dµν = nν∂µ − nµ∂ν . (10)
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From the above definitions we obtain the useful relations
Dκµν = a(y)κµν
dµν D = a(y)dµν
D dµν = 0 (11)
which are essential in computing [[Lµν , D(y)], D(y)]. The first part of the r.h.s. of the Eq.(9)
then leads to the commuting relation
[κµν(a
′(y) pα + b
′(y)nα)∂
α, D(y)] =
κµν
{[
y(a
′
2(y)− a(y) a′′(y))− a(y) a′(y)
]
pα∂α
+ [a′(y)(y b′(y)− b(y))− y a(y) b′′(y)]nα∂α} , (12)
and the second part gives
[b(y) dµν , D(y)] = a(y)(b(y)− y b′(y))dµν . (13)
In order to satisfy the condition for preserving the Lorentz algebra (8), the y-dependent
coefficients can be obtained by evaluating the coupled ordinary differential equations:
y(a′2(y)− a(y) a′′(y))− a(y) a′(y) = 0 (a.1)
a′(y)(y b′(y)− b(y))− y a(y) b′′(y) = 0 (a.2)
a(y)(b(y)− y b′(y)) = 0 (a.3)
for which we have two types of solutions:
Type-I a(y) = 0 and ∀ b(y).
Type-II a(y) = Ayn, n ∈ R and b(y) = By where A and B are constants with respective
dimensions given by [[A]] ≡ m−n and [[B]] ≡ m−1.
Other choices for U (D)(≡ U (y, p2,m2)) are possible and lead to different boost generators,
but the proposed Type-I solution provides the simplest analytical procedure for recovering
the Eq. (1). For a Type-I solution where a(y) = 0 and
b(y) = − αm
2
1 + 2αy
, (14)
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we can easily verify that
D(y) ≡ − αm
2
1 + 2αy
nµ∂
µ
⇒ D(y) ◦ pµ ≡ − αm
2
1 + 2αy
nµ
⇒ U (D(y)) ◦ pµ ≡ pµ − αm
2
1 + 2αy
nµ.
(15)
At the same time, we obtain the new generators ji and ki from Eq. (7),
j1 = J1 + 2p2 m
−2 b
2
(y) nλ∂
λ + b(y) ∂2
j2 = J2 − 2p1 m−2 b2(y) nλ∂λ − b(y) ∂1
j3 = J3
k1 = K1 + 2p1 m
−2 b
2
(y)nλ∂
λ + b(y) ∂1
k2 = K2 + 2p2 m
−2 b
2
(y)nλ∂
λ + b(y) ∂2
k3 = K3 + 2(p3 − p0)m−2 b2(y) nλ∂λ + b(y) (∂3 − ∂0) (16)
from which we can reconstruct the Lorentz algebra as
[Ri, T j] = ǫijkTk; [R
i, Rj] = [T i, T j] = ǫijkRk (17)
with
R1(2) =
1√
2
(k1(2) + (−)j2(1))
T1(2) =
1√
2
(j1(2) + (−)k2(1))
R3 = j3
T3 = k3 (18)
These transformations clearly do not preserve the usual quadratic invariant in the momen-
tum space. But there is a modified invariant ||U (D(y)) ◦ pµ||2 = M 2(α) which leads to the
following dispersion relation,
||U (D(y)) ◦ pµ||2 = p2 − 2 ym
2 α
1 + 2αy
= M
2
(α) (19)
Imposing the constraint p2 = m2, which is also required by the VSR theory, we have the
Casimir invariant
M
2
(α) =
m2
1 + 2αy
. (20)
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for which the U -invariance can be easily verified when we apply the transformation U (D(y)).
The fact that the algebra of the symmetry group remains the same suggests that perhaps
the standard spin connection formulation of relativity is still valid. In this sense, the above
dispersion relation can also be obtained from the dynamic equation for a fermionic particle,
[γµ (U (D(y)) ◦ pµ)−M(α)] νL(p) = 0
⇒
(
γµpµ − m
2α
1 + 2α y
γµnµ −M(α)
)
ν
L
(p) = 0. (21)
Alternatively, as pointed out in [8], for a comparative purpose to all these classes of Lorentz-
violating models, dispersion relations may be derived from calculations in a theory such as
loop quantum gravity [26].
By setting [[m]]−1 values to α, for instance, α = ±1/m, ±m/ε2
Pl
(where εPl is the Planck
energy), we are able to analyze the low and the high energy limits. In the high energy limit
where αy >> 1, the Eq. (21) is reduced to
(
γµpµ − m
2
2 y
γµnµ −M(α)
)
ν
L
(p) = 0. (22)
and since M
2
(α) ≈ m2
2 |αy|
<< m2, in spite of not being necessary, we can eliminate the
dependence on α since the M(α) term becomes irrelevant in the above equation. Thus we
recover the VSR Cohen-Glashow equation (1)[18] and its corresponding dispersion relation,
as we have proposed from the initial part of this letter.
In the low energy limit where |αy| << 1, the Eq. (21) is reduced to
(γµpµ −m2 αγµnµ −m) νL(p) = 0, (23)
whose the quadratic form is
(p2 − 2m2 αy −m2) ν
L
(p) ≈ (p2 −m2) ν
L
(p) = 0, (24)
i.e. when |αy| << 1 the effective contribution from the second term of Eq. (23) is minimal
and the equation can be reduced to the usual (low energy limit) Dirac equation for a free
propagating particle [33]. Such an important result could also be reproduced in a more
direct way if we initially assumed a natural energy scale where |mα| << 1, for instance,
when α = m/ε2
Pl
. Since M is reduced to m, the Eq. (23) is immediately reduced to the
Dirac equation. For all the above analysis, the dispersion relation p2 = m2 is maintained.
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By constructing U (D(y)) ≡ exp[D(y)] in terms of Type-II solutions, we can find many
nonlinear realizations of the action of the Lorentz group which eventually can deserve a
more careful analysis. This leads to other forms for the modified invariants and, hence, to
different dispersion relations. Just for completeness, we turn back to them in order to obtain
generalized analytical expressions for U (D(y)) ◦ pµ. In particular, for Type-II solutions with
n = +1, −1, 1/2, we obtain
D(y) ≡ (Ay pµ +By nµ)∂µ
⇒ D(y) ◦ pµ ≡ Ay pµ +By nµ
⇒ U (D(y)) ◦ pµ ≡ pµ
1−Ay +
B y nµ
1−Ay
for n = +1, (25)
D(y) ≡ (A
y
pµ +By nµ)∂
µ
⇒ D(y) ◦ pµ ≡ A
y
pµ +By nµ
⇒ U (D(y)) ◦ pµ ≡ pµ
(
1 +
A
y
)
+B(A+ y)nµ
for n = −1 (26)
D(y) ≡ ( A√
y
pµ +By nµ)∂
µ
⇒ D(y) ◦ pµ ≡ A√
y
pµ +By nµ
⇒ U (D(y)) ◦ pµ ≡
(
1 +
A
2
√
y
)2
pµ +B
(√
y +
A
2
)2
nµ
for n = −1/2 (27)
We call upon these results in parallel works where we embed our discussion in a general
formalism of conformal transformations [24] and investigate the Lorentz-violating effects
related to the modified dynamics introduced by them.
For the same proposal of this manuscript, we have also noticed the use of the 8-parameter
subgroup ISIM(2) [30] with an interpretation within Finsler geometry. In this case, trans-
lations are commutative with respect to the continuous deformations of ISIM(2), and in
particular, there is an 1-parameter family of deformations denoted by DISIMb(2) - a sub-
group of the Weyl group. The group DISIMb(2) leaves invariant Finslerian line elements,
and can be used to construct point-particle Lagrangians of Finsler form, in the context
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of non-linear realizations. This approach was introduced by Ref.[31] and was applied for
deriving a non-linear DISIMb(2)-invariant generalization of the massive Dirac equation [32].
To conclude, we have examined previous theoretical claims for a preferred axis at nµ(≡
(1, 0, 0, 1)), n2 = 0 in the framework of Lorentz invariance violation by generalizing the
procedure for obtaining the equation of motion for a propagating fermionic particle. We have
shown that, in a relatively high energy scale, the corresponding equation of motion is reduced
to a conserving lepton number chiral equation previously predicted in the literature [18], and,
in a relatively low energy scale, it is reduced to the usual Dirac equation for a free propagating
fermionic particle. Effectively, one can ask to what extent the quoted solutions/equations
of motion can be distinguished experimentally by data from gamma ray bursts [5, 6], ultra
high energy cosmic rays [7] and cosmological microwave background fluctuations [25]. In
particular, in order to incorporate some discrete spatial and causal structures at the Planck
energy scale, the action which leads to Lorentz invariance with an invariant energy scale (εPl
or m2/εPl) can be taken into account simultaneously with the action here proposed. Ideally,
the formalism we are discussing, in the sense analogous to that of the VSR, can be used to
compare experiment and theory, as well as to extrapolate between predictions of different
experimental measurements. For fermionic particles with the dynamics described by the
Eq. (11), the phase space kinematic restriction is modified by a change in the relevant
matrix element. In this context, the subsequent application of our results concerns the
verification of how the weak leptonic charged current jµ must be modified to ensure its
conservation so that we can examine the consequences for the experimental results were
neutrino masses to have a purely, a dominantly or a perturbatively Lorentz-violating origin.
To summarize, we see this formalism as being part of a phenomenology of quantum gravity
effects, as opposed to directly having a fundamental significance, at the same time that,
otherwise, it implies two possible phenomenologically observable modifications to neutrino
physics: (i) modifications to the predictions to neutrinoless double beta decay [27], (ii) some
peculiar modifications to the endpoint of the tritium beta decay [28, 29] that is expected
to be detected by the next generation of endpoint experiments and (iii) small modifications
to the oscillation picture due to Lorentz-violating interactions that couple with the active
neutrinos and eventually allow the complete explanation of neutrino data.
Acknowledgments The authors thank the professors C. O. Escobar and M. M. Guzzo
for useful discussions and FAPESP (PD 04/13770-0 and PDJ 05/03071-0) for the financial
9
support.
[1] G. Amelino-Camelia and T. Piran, Phys. Rev. D64, 036005 (2001)
[arXiv:astro-ph/0008107v1].
[2] Q. G. Bayley and V. A. Kostelecky, Phys. Rev. D74, 045001 (2006)
[arXiv:gr-qc/0603030v2]; T. Katori, V. A. Kostelecky, and R. Tayloe, Phys. Rev.
D74, 105009 (2006) [arXiv:hep-ph/0606154v1];
[3] J. Magueijo and L. Smolin, Phys. Rev. Lett. 88, 190403 (2002) [arXiv:hep-th/0112090v2].
[4] G. Amelino-Camelia, Nature 418, 34 (2002) [arXiv:gr-qc/0207049v1]; Phys. Lett. B510,
255 (2001) [arXiv:hep-th/0012238v1]; Int. J. Mod. Phys. A11, 35 (2002).
[5] P. Biermann and G. Sigl, Lect. Notes Phys. 576, 1 (2001) [arXiv:astro-ph/0202425v1].
[6] M. Takeda et al., Phys. Rev. Lett. 81, 1163 (1998) [arXiv:astro-ph/9807193v1]; Astrophys
J. 522, 225 (1999) [arXiv:astro-ph/9902239v2].
[7] D. Finkbeiner, M. Davis and D. Schlegel, Astrophys J. 544, 81 (2000).
[8] J. Magueijo and L. Smolin, Phys. Rev. D67, 044017 (2003) [arXiv:gr-qc/0207085v1].
[9] C. Rovelli and L. Smolin, Nucl. Phys. B442, 593 (1995); Erratum-ibid. B456, 753 (1995)
[arXiv:gr-qc/9411005v1].
[10] G. Amelino-Camelia, Mod. Phys. Lett. A17, 899 (2002) [arXiv:gr-qc/0204051v1].
[11] S. R. Coleman and S. L. Glashow, Phys. Rev.D59, 116008 (1999) [arXiv:hep-ph/9812418v3].
[12] S. R. Coleman and S. L. Glashow, Phys. Lett. B405, 249 (1997) [arXiv:hep-ph/9703240v3].
[13] D. A. Colladay and V. A. Kostelecky, Phys. Rev. D55, 6760 (1997).
[14] D. A. Colladay and V. A. Kostelecky, Phys. Rev. D58, 116002 (1998).
[15] A. De Gouvea and Y. Grossman, [hep-ph/0602237].
[16] B. Schwarzschild, Physics Today 60, 17 (2007).
[17] A. G. Cohen and S. L. Glashow, Phys. Rev. Lett 97, 021601 (2006).
[18] A. G. Cohen and S. L. Glashow, [hep-ph/0605036].
[19] S. M. Bilenky, C. Giunti, J. A. Grifols and E. Masso, Phys. Rept. 379, 69 (2003).
[20] K. Zuber, Phys. Rep. 305, 295 (1998) [arXiv:hep-ph/9811267v1].
[21] C. W. Kim and A. Pevsner, Neutrinos in Physics and Astrophysics, (Harwood Academic
Publishers, Chur, 1993).
10
[22] M. Gell-Mann, P. Ramond and R. Slansky, in Complex Spinors And Unified Theories in
Supergravity, (North Holland, Amsterdan, 1979).
[23] R. N. Mohapatra, Unification and Supersymmetry (Springer - Verlag, Berlin, 1986).
[24] A. E. Bernardini and R. da Rocha, Phys. Rev. D75, 065014 (2007)
[arXiv:hep-th/0701094v2].
[25] K. Land and J. Magueijo, Phys. Rev. Lett. 95, 071301 (2005).
[26] R. Gambini and J. Pullin, Phys. Rev. D59, 124021 (1999); J. Alfaro, H. Morales-Tecotl and
L. Urrutia, Phys. Rev. D65, 103509 (2002).
[27] J. R. Vergados, Phys. Rept. 361, 1 (2002).
[28] E. Holzschuh, Rept. Prog. Phys. 55 1035 (1992).
[29] A. E. Bernardini, Phys. Rev. D75, 097901 (2007) [arXiv:0706.3932v1 [hep-ph]].
[30] G. W. Gibbons, J. Gomis, C. N. Pope, [hep-th/07072174].
[31] G. Y. Bogoslovsky, Nuov. Cim. B77, 181 (1983).
[32] G. Y. Bogoslovsky and H. F. Goenner, Phys. Lett. A323, 40 (2004)
[arXiv:hep-th/0402172v1].
[33] If we assume that fermionic particles can be classified as Dirac and Majorana particles, which
depends on the way that the mass term is constructed in the Lagrangian, the equation of
motion obtained in (24) describes only Majorana particles with a violating lepton number mass
term ((ν
(R)
)c(p) = νc
(L)
(p) = ν
(L)
(p)). Fundamentally, the mass term in the reduced Dirac-type
equation has a mass term coming from a Lagrangian which violates the conservation of lepton
number. In the VSR limit this mass term disappear.
11
